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Abstract 
An edge e in a 3-connected graph G is contractible if the contraction G/e is still 3-connected. 
The problem of bounding the number of contractible dges in a 3-connected graph has been stud- 
ied by numerous authors. In this paper, the corresponding problem for matroids is considered and 
new graph results are obtained. An element e in a 3-connected matroid M is contractible or ver- 
tically contractible if its contraction M/e is, respectively, 3-connected or vertically 3-connected. 
Cunningham and Seymour independently proved that every 3-connected matroid has a verti- 
cally contractible lement. In this paper, we study the contractible and vertically contractible 
elements in 3-connected matroids and get best-possible lower bounds for the number of verti- 
cally contractible lements in 3-connected and minimally 3-connected matroids. We also prove 
generalizations of Tutte's Wheels and Whiffs Theorem for matroids and Tutte's Wheels Theorem 
for graphs. 
I .  Introduction 
An edge e in a 3-connected graph G is contractible if the contraction G/e is still 
3-connected. The use of contractible dges can be an important induction tool. For ex- 
ample, Thomassen [20] used this to give an ingenious and short proof to Kuratowski's 
Theorem. The problem of bounding the number of contractible dges in a 3-connected 
graph has been studied by numerous authors (see, for example, [2,3,8,9,21]). 
In this paper, the corresponding problem for matroids is considered and new 
graph results are obtained. Two matroid notions of  3-connectedness will be used: verti- 
cal 3-connectedness, the analogue of 3-connectedness for graphs, and (Tutte) 
3-connectedness. A matroid M is vertically 3-connected if and only if the simple ma- 
troid associated with M is 3-connected. An element e in a 3-connected matroid M is 
contractible or vertically contractible if its contraction M/e is, respectively, 3-connected 
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or vertically 3-connected. Cunningham and Seymour independently proved that every 
3-connected matroid has a vertically contractible lement. 
We will study the contractible and vertically contractible lements in 3-connected 
matroids and get best-possible ower bounds for the number of vertically contractible 
elements in 3-connected and minimally 3-connected matroids. We also prove gener- 
alizations of Tutte's Wheels and Whirls Theorem for matroids and Tutte's Wheels 
Theorem for graphs. 
A matroid M is minimally 3-connected if M is 3-connected and M\e  is not 
3-connected for each element e in M. The matroid and graph terminology used here 
other than mentioned in the paper will follow Oxley [15] and Bondy and Murty [5], 
respectively. From now on, we will refer to the cycle matroid of a wheel as just a 
wheel. 
Section 2 will contain the main results of the paper, Section 3 contains the definitions 
and some preliminary lemmas needed to prove the main results, and Section 4 contains 
the proofs of the main results. 
2. Main results 
Tutte [23] proved an important result in matroid theory known as the Wheels and 
Whirls Theorem. 
Theorem 2.1. The following statements are equivalent for a 3-connected matroid M. 
(i) For every element e of  M, neither the deletion M\e  nor the contraction M/e 
of  e from M is 3-connected. 
(ii) M has rank at least three and is isomorphic to a wheel or a whirl. 
The following result, which is equivalent to Tutte's Wheels Theorem, is an immediate 
consequence of Theorem 2.1. 
Corollary 2.2. Let G be a minimally 3-connected graph which is not a wheel. Then 
there is an edge e, not in any triangle, such that G/e is 3-connected. 
In [7], Cunningham proved a matroid result which is equivalent to the following 
theorem. It was also proved independently b  Seymour. 
Theorem 2.3. Let M be a 3-connected matroid with at least one element. Then M 
contains at least one vertically contractible lement. 
The following theorem was proved by Egawa et al. [9]. 
Theorem 2.4. I f  G is a 3-connected triangle-free graph, then G has at least V(G)I+5 
contractible dges provided IV(G)] i> 9. 
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The following main results will generalize Theorem 2.1, Corollary 2.2, and 
Theorem 2.3. We also get an analogue of Theorem 2.4. All the proofs will be presented 
in Section 4. Our first theorem generalizes the Wheels and Whirls Theorem. 
Theorem 2.5. Let M be a 3-connected non-empty matroid such that every element 
that is contained in a triangle is essential. Suppose that, for some largest circuit C 
of M, every element of" C is essential. Then M is isomorphic to a wheel or a whirl. 
Corollary 2.6. Let M be a minimally 3-connected non-empty matroid which is not a 
wheel or a whirl. Then every largest circuit of M contains at least one contractible 
element. 
The next result, a direct consequence of Corollary 2.6, generalizes the Wheels 
Theorem. 
Corollary 2.7. Let G be a minimally 3-connected graph other than a wheel. Then 
every longest cycle of G contains at least one edge e such that G/e is both simple 
and 3-connected. 
Since every element hat is in a triangle in a minimally 3-connected matroid or 
graph with at least four elements is essential, Corollaries 2.6 and 2.7 are immediate 
consequences of Theorem 2.5. The Wheels and Whirls Theorem asserts that every 
minimally 3-cormected matroid M other than a wheel or a whirl has a contractible 
element. Corollary 2.6 shows that the contractible lements in such a matroid are 
arranged so that every largest circuit contains uch an element. 
Theorem 2.8. Let M be a 3-connected triangle-free matroid having at least four 
elements. Then M contains at least r(M) + 1 contractible lements. In particular, M 
contains a circuit C such that every element on C is contractible. I f  M is a minimally 
3-connected triangle-free matroid having at least four elements, then M contains at 
least max{r(M)+ 1,r*(M)} contractible lements. 
Theorem 2.8 is an analogue of Theorem 2.4. It also generalizes the following graph 
result of Thomassen and Toft [21, Corollary 5 of Theorem 2]: 
Corollary 2.9. Let G be a 3-connected graph of girth at least 4. Then G contains a 
cycle C such that for any edge e of C, the contraction of e results in a 3-connected 
graph. 
The next theorem bounds the number of vertically contractible lements in a min- 
imally 3-connected matroid. We will use K~ to denote the graph derived from the 
bipartite graph K3,k by adding three pairwise non-parallel edges joining the three inde- 
pendent vertices of degree k, It is easy to check that M*(K~I'k) is minimally 3-connected 
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for all k ~> 2 and has exactly three vertically contractible elements. These three elements 
are also contractible. 
Theorem 2.10. Let M be a minimally 3-connected matroid with at least four elements. 
Then M has at least max{2lE(M)[ -  r(M) + 2,3} vertically contractible elements. 
Moreover, M has exactly three vertically contractible lements if and only if M is 
isomorphic to M*(K"  ) for some k >~2. 3,k 
Corollary 2.11. Every 3-connected matroid with at least three elements contains at 
least three vertically contractible lements. 
Corollary 2.11 strengthens Theorem 2.3. Moreover, the bound in Corollary 2.11 
M*(K" )  has exactly three vertically contractible lements for is best possible as 3,k
all k>~2. 
Corollary 2.12. Let M be a vertically 3-connected matroid with rank at least two. 
Then M has at least three parallel classes P such that M/P is vertically 3-connected. 
3. Definitions and some preliminaries 
In this section, we shall introduce some necessary notations and present several 
preliminary results that will be used in the proofs of the main theorems. 
Let M be a matroid and k be a positive integer. A k-separation of M is a partition 
{X, Y} of E(M) such that 
and 
rain{ bYI, JYI} ~>k, (I) 
r(X) + r(Y) - r(M)<~k - 1. (2) 
For all n 1> 2, M is n-connected if, for all k in { 1, 2 . . . . .  n -  1 }, M has no k-separation. 
Hence, M is 2-connected if and only if M is connected. If M has no k-separation 
for all k > 0, then we say that M has infinite connectivity. For a positive integer k, 
a vertical k-separation of M is a partition {X, Y} of E(M) that satisfies (2) and the 
following strengthened form of (1): 
min{r(X), r(Y)} f>k. 
For an integer n exceeding one, a matroid M is vertically n-connected if M has no ver- 
tical k-separation for any 0 < k < n. Similarly, if M has no vertically k-separation for 
all k > 0, then we say that M has infinite vertical connectivity. Clearly, a k-connected 
matroid is also vertically k-connected. 
To simplify a matroid is to delete all loops and all but one element from each parallel 
class. To cosimplify is to contract all coloops and all but one element from each series 
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class. We useAt and M to denote, respectively, the simplified and cosimplified matroids 
obtained from M. 
In a matroid, a circuit and a cocircuit cannot have exactly one common element. We 
will refer to this useful property as orthogonaltity (see, for example, [15]). The fol- 
lowing fact about 3-connected matroids will be used frequently: a 3-connected matroid 
with at least four elements cannot have circuits or cocircuits of size less than three. 
A 3-element circuit is called a triangle; a 3-element Cocircuit is called a triad. 
In a 3-connected matroid M, an element e is essential if neither M/e nor M\e  is 
3-connected; e is deletable if M\e  is 3-connected; e is cyclically deletable if M\e  
is 3-connected. Clearly, a deletable element is also cyclically deletable. Similarly, a 
contractible element is also vertically contractible. Note also that e is a vertically 
contractible lement of M if and only if it is a cyclically deletable element of M*. 
Let T1, T2 . . . . .  Tk be a non-empty sequence of sets each of which is a triangle or a 
triad of a matroid M such that, for all i in { 1,2, . . . ,  k - 1 }, 
(i) exactly one of Ti and Ti+l is a triangle; 
(ii) ITin Ti+ll = 2; and 
(iii) (Ti+I - Ti) N (Tl tA T2 tO... U Ti) is empty. 
Then we call T1, T2 . . . .  , Tk a chain of M of length k with links T1, T2 . . . . .  Tk. Evidently 
1"1, T2,..., Tk is a chain of M if and only if it is a chain of M*. 
The next result, due to Oxley and Wu [17], shows that a maximal chain in a 
3-connected matroid other than a wheel or a whirl has non-essential elements at both 
ends. 
Lemma 3.1. Let M be a 3-connected matroid with at least four elements and suppose 
that M is not a wheel or a whirl. Let T1, I"2 . . . . .  Tk be a maximal chain in M. Then 
the elements of T~ to I"2 tA... to Tk can be labelled so that neither al nor ak+2 is essential 
where Ti = {ai, ai+l,ai+2} for all i. 
Although chains can certainly occur in both non-graphic and graphic matroids, we 
follow Tutte [23] in keeping track of the triangles and triads in a chain by using graphs 
as in Fig. 1. In each case, the chain is T1,T2,...,Tk where Ti = {ai, ai+l,ai+2}. In (a), 
k is odd and Tl is a triangle, hence Tk is also a 'triangle; in (b), k is odd and Tl is a 
triad, hence Tk is also a triad; in (c), k is even, /'1 is a triangle and Tk is a triad. The 
remaining case, when k is even, /'l is a triad, and Tk is a triangle, is, up to relabelling, 
the same as (c). In each of  (a) - (c) ,  every triangle in the graph is a triangle in the 
chain, while the triads in the chain correspond to circled vertices. 
Now suppose that T1, T2 . . . . .  Tk is a maximal chain of a 3-connected matroid M 
where M is not a wheel or a whirl. We call this maximal chain a fan of M with links 
T1,T2 .... ,Tk. Let Ti = {ai, ai+l,ai+2} for all i. Then {al,a2,...,ak+2} is the ground 
set of the fan, and al,a2 .... ,ak+2 are the elements of the fan. For k~>2, there are 
exactly two non-essential elements in T~ to T2 to" "- to Tk, namely al and ak+2, for each 
of a2,a3 . . . . .  ak+l is in both a triangle and a triad. We call al and ak+2 the ends of the 
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(a) 
(b) ~ ~ :  
(c) 
Fig. 1. 
fan. When k = 1, the fan has T1 as its ground set and contains either two or three non- 
essential elements of M. In the first case, the non-essential e ements in T] are the ends 
of the fan; in the second case, we arbitrarily choose two of the elements of T] to be 
the ends of the fan. Figs. l (a) - (c)  show the three types of chains. Maximal chains of 
these three types will be called type-l, type-2, and type-3 fans, respectively. Two fans 
are equal if they have the same sets of links. In Fig. l(a), the elements a3,as . . . . .  ak are 
called the internal spokes of the type-1 fan. In Fig. l(c), the elements a3,as .... ,ak-1 
are called the internal spokes of the type-3 fan. One can define the internal spokes of 
a type-2 fan similarly. If  a type-1 or type-2 fan has only three elements, or a type-3 
fan has only four elements, then it is called a trivial fan. 
Let M be a 3-connected matroid other than a wheel or a whirl and suppose that 
M has at least four elements. Suppose that ~- is a fan of M. Note that both ends 
of o~- are non-essential. If ~r is of type-l, then it is easy to see that both ends are 
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deletable but not contractible. If ~: is of type-2, then both ends are contractible but 
not deletable. If ~ is of type-3, then one end is deletable but not contractible, and the 
other end is contractible but not deletable. 
The following two results were proved by Oxley and Wu [17]. The first theorem is 
called the fan theorem and will be used frequently in this paper. 
Theorem 3.2. Let M be a 3-connected matroid which is not a wheel or a whirl. 
Suppose that e is an essential element of M. Then e is in a fan, both ends of which 
are non-essential. Moreover, this fan is unique unless 
(a) every fan containing e consists of a single triangle and any two such triangles 
meet in {e}; 
(b) every fan containing e consists of a single triad and any two such triads meet 
in {e}; 
(c) e is in exactly three (type-1 or type-2)fans; these three fans are of the same 
type, each has five elements, together they contain a total of six elements; and, 
depending on whether these fans are of type-1 or type-2, the restriction or contraction, 
respectively, of M to this set of six elements is isomorphic to M(K4). 
Given a fan with at least five elements in a 3-connected matroid M, the next re- 
sult describes how M can be constructed by sticking together a wheel and a certain 
3-connected minor of M by generalized parallel connection [6]. Let Ml and M2 be 
matroids uch that MI IT = M21 T, where T = E(M1 ) fq E(M2). Let N = M11T and sup- 
pose that N is a modular flat of the matroid ~t~. The generalized parallel connection 
PN(MI,M2) of Ml and M2 across N is the matroid on E(M1)UE(M2) whose flats are 
those subsets X of E(MI ) U E(M2) such that X N E(M1 ) is a fiat of M1, and X N E(M2) 
is a flat of M2. When N ~ U2,3, a triangle, we will use N to denote the edge set of this 
triangle also. In the case when N is a triangle and both M1 and M2 are graphic, say, 
M1 ~- M(G1), M2 -~ M(G2), then PN(M1,M2) is isomorphic to the cycle matroid of 
the graph obtained by sticking the two graphs Gl and G2 together along the common 
triangle N. 
Theorem 3.3. Let M be a 3-connected matroid and suppose that, for some non- 
negative integer n, the sequence {y0,x0, yl}, {xo, yl,xl }, {yl,xl, y2} .. . . .  {yn,Xn, Yn+l } 
is a chain in M in which {yo,xo, yl} is a triangle. Then 
M = P,~, (M(~n+2), M1 )\z, 
where Al = {yo, Yn+l,Z}; ~'n+2 is labelled as in Fig. 2, and M1 is obtained from the 
matroid M/xo,xl . . . . .  xn-l kyl,y2 . . . . .  Yn by relabelling x, as z. Moreover, either 
(i) M1 is 3-connected; or 
(ii) z is in a unique 2-circuit {z,h} of M1, and Ml \z  is 3-connected. 
In the latter case, 
M = PA2(M(~n+2),M2), 
Y0 
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Fig. 2. 
where A2 = {Yo, yn+l, h}; ~/~+2 is labelled as in Fi#. 2 with z relabelled as h, and M2 
is Ml \z, which equals M\xo,  xl . . . .  ,x, ,  y l ,  Y2 . . . .  , y,.  
An immediate consequence of this theorem is that the restriction of M to {x0,xl,..., 
Xn, Yo, Yl . . . . .  Yn+l}, the ground set of the chain, is equal to the cycle matroid of the 
graph shown in Fig. 2 with the edge z deleted. 
The dual of the next useful result, due to Tutte [23], is often referred to as Tutte's 
Triangle Lemma. 
Lemma 3.4. Let  {a,b,c} be a triad in a 3-connected matroid M such that IE(M)I >>, 4. 
I f  neither M/a nor M/b is 3-connected, then element a is in a triangle with exactly 
one o f  b and c. 
The next useful result is due to Bixby [4]. 
Lemma 3.5, Let  M be a 3-connected matroid and e be an element o f  M. Then either 
M/e or M\e  is 3-connected 
The next lemma is due to Oxley and Wu [17]. 
Lemma 3.6. Let  M be a 3-connected matroid. I f  X C_E(M) and MIX  -~ U2,4, then 
no element o f  X is essential in M. 
The next two results can be found, for example, in Oxley [15]. 
Lemma 3.7 (Oxley [15, Lemma 4.2.5]). Let X be a subset of the ground set E of a 
matroid M. Then 
r (X)  + r(E - X )  - r (M)  = r * (X)  + r * (E - X )  - r* (M)  = r (X)  + r* (X )  - IXl. 
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Lemma 3.8 (Oxley [15, Proposition 12.4.19]). PN(MbM2) is graphic if and only if 
both M1 and M2 are graphic. 
The following result is due to Leo [11]. 
Lemma 3.9. Suppose that M is a 3-connected matroid with at least four elements. 
Let C be a circuit of M and f be an element of C. I f  M\e  is not 3-connected for 
every e E C - {f}, then C meets a triad of M. 
Next we will prove several consequences of Theorems 3.2 and 3.3. 
Corollary 3.10. Let e be an essential element of a 3-connected matroid M which is 
not a wheel or a whirl. Suppose that e is in exactly three 5-element ype-1 fans. 
Then together these fans contain a total of six elements and the restriction of M to 
this set of six elements is isomorphic to M(K4). Moreover, three of these elements 
are essential and other three are deletable and collinear. 
Proof. By Theorem 3.2, the three fans containing e have a total of six elements and 
the restriction of M to this set of six elements is isomorphic to M(K4). We need only 
show that exactly three of these six elements are deletable and they are also collinear. 
Suppose ~ is a 5-element type-1 fan containing e. Let {a,b,c,x,y,z} be the union of 
the three fans containing e where E(~-) = {a, b,c,x, y} and x and y are the ends of ~ .  
Evidently, a, b, and c are essential and x and y are non-essential. Moreover, {a, b, c} 
is a triad of ~ .  We show next that z is an end of one of the three fans containing 
e. Suppose not. Thus, in the fan containing z, one of {a,b,z},{a,c,z}, or {b,c,z} is 
a triad. But {a,b,c} is also a triad, so M*i{a,b,c,z} -~ U2,4. By Lemma 3.6, a is 
non-essential in M* thus is non-essential in M; a contradiction. Therefore, z is an end 
of a fan thus is non-essential. Since M] {a,b,c,x,y,z} ~- M(K4), we conclude that x,y, 
and z are collinear and all deletable. [] 
Corollary 3.11. Let M be a 3-connected matroid such that every element in a triad 
is essential and that M is not a wheel or a whirl. Then every essential element e is in 
a type-1 fan. Moreover, this fan is unique unless one of the following two statements 
holds: 
(i) every fan containing e consists of a single triangle and any two such triangles 
meet in {e}; 
(ii) e is in exactly three type-1 fans, each has five elements, together they contain 
a total of six elements, three of which are essential and other three are deletable 
and collinear, and the restriction of M to this set of six elements is isomorphic to 
M(K4). 
Proof. By Theorem 3.2, every essential element e is in a type-l, a type-2, or a 
type-3 fan. At least one end of a type-2 or type-3 fan is non-essential nd is in a 
triad. But every element of M that is in a triad is essential. Therefore, there is no 
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type-2 or type-3 fan. Now the result follows immediately from Theorem 3.2 and 
Corollary 3.10. [] 
Remark. Note that for each minimally 3-connected matroid with at least four elements, 
every element in a triangle is essential. Hence, provided it is not a wheel or a whirl, 
the last lemma can be applied to the dual matroid of such a matroid. Moreover, in 
Corollary 3.11, if M has exactly two non-essential e ements, then neither (i) nor (ii) 
could happen. Thus every essential element is in a unique fan. These will be used in 
the proof of Theorem 2.10. 
Lemma 3.12. Let C be a circuit of a 3-connected matroid M which is not a wheel 
or a whirl. Suppose that every element of M that is in a triangle is essential. I f  all 
elements in C are essential, then there is a type-2 fan ~= with at least five elements, 
such that C is a circuit of :~: avoiding both ends. 
Proof. Let e be an element of C. By the dual of Corollary 3.11, e is in some type-2 fan 
~-. If ~- has exactly three elements, then these three elements are e and the two ends, 
both of which are non-essential. Thus, by orthogonality, the circuit C contains a non- 
essential element, a contradiction. Therefore, the fan ~- has at least five elements and its 
ends, x and y, are non-essential. Note that x and y are not in C, and that M[(E(~=) -
{x, y}) is graphic by use of Theorem 3.3. By repeatedly applying orthogonality, we 
can trace C to prove that C is totally contained in E (~- ) -  {x, y} and hence is a circuit 
o fM l (E (~-  ) -  {x,y}). [] 
The next two lemmas discuss cyclically deletable lements, the dual of vertically 
contractible lements. 
Lemma 3.13. Let M be a 3-connected matroid which is not a wheel or a whirl. 
Suppose that ~ is a type-1 fan with at least two internal spokes. Then every internal 
spoke of 5 is cycfically deletable. 
Proof. Suppose that e is an internal spoke of the fan ~-. Then M/e has a 2-cocircuit 
since the fan ~ has at least two internal spokes. Thus, M/e is not 3-connected as it 
has at least four elements. Therefore, by Lemma 3.5, e is cyclically deletable. [] 
Lemma 3.14. Let M be a 3-connected matroid other than a wheel or a whirl. Suppose 
that ~ is a type-1 fan with exactly one internal spoke e. I f  e is not cyclically 
deletable, then (a) there is a deletable lement z (~ E( ~)  such that M I (E (~)Uz)  ~- 
M(K4); (b) M has at least three collinear deletable lements; and (c) e is in exactly 
three 5-element type-1 fans. 
Proof. Suppose E(°J)  = {e, f ,g ,x ,y},  where x and y are the ends of ~ .  Suppose 
that {e, f ,x},{e,g ,y} are triangles, while {e, f ,g} is a triad of M, as shown in Fig. 3. 
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Fig. 3. 
Next we show that {e,f,g} is the unique triad containing e. In fact, since x and y are 
the ends of the type-1 fan ~,  both of them are deletable. Thus, neither x nor y is in 
any triad. Using this fact and orthogonality for the triangles {e, g, y} and {e, f ,x},  we 
conclude that every triad containing e must be {e, f ,  g}. Therefore, M\e ~- M\e/g. As 
M\e is not 3-connected, there is a 2-separation {)(1, Y1 } of M\e/g, where )(1 to 111 = 
E(M) -  {e,9}, and IXll, I Yl I )2 .  
Next we shall show that rain{ IXI [, I Yl I } = 2. Suppose that rain{ IN [, I Yl I } >t 3. 
Without loss of generality, we may assume that IXl N {f ,x ,y} l  )2 .  Let X2 = XI tO 
{f,x,y},  Y2 = Y1 - {f ,x,y}.  As rain{ IX1 [, II11 I}>/3, we conclude that rain{ 13(21, 
[Y21}>~2. Since {f ,x ,y} is a triangle of M\e/9, it follows that {X2, Yz} is also a 
2-separation of M\e/o satisfying {f  ,x, y} C_X2. Therefore, 
rM\e/o(X2 ) + rMXe/g( r2 ) = r( M\  e/g ) + 1. (1) 
From (1) we get 
rM(X2 U g) + rM(Y2 U g) = r(M) + 2. (2) 
Therefore, 
rM(X2 tO g U e) + rM(Y2 to g) = r(M) + 2. (3) 
Now we show that rM(Yz U O) = rM(Y2) + 1. Otherwise, there is a circuit C such that 
0 E C C_ Y2 tO 9. Since {e, f}  N Y2 = 0, we conclude that [ C n {e, f ,  0} I = 1. This is 
a contradiction to orthogonality as {e,f,g} is a triad of M. Thus, from (3) we get 
r~t(X2 tO g t2 e) + rM(r2) = r(M) + 1. (4) 
This contradicts the fact that M is 3-connected. 
Therefore, we must have that min{ IX11, I Yl [} = 2, say, I Yl [ = 2. Thus, Y1 is a 
2-element circuit or cocircuit of M\e/9. Since M\e/g is cosimple, we deduce that Y1 U9 
is a triangle T of M. Then, by orthogonality, since e ~ Y1, we conclude that f E T. 
Let T = {f,9,z}. Clearly, z 7 ~ e,f,9. By use of Lemma 3.6, it is easy to see that 
z ¢ x, y. By Lemma 3.1, there is a fan containing T. This fan contains z therefore is 
different from ~.  Thus, the essential element g is in a fan other than ~-. By Theorem 
3.2, 9 is in exactly three 5-element type-1 fans. By Corollary 3.10, we deduce that 
196 H. Wu/Discrete Mathematics 179 (1998) 185-203 
x, y, and z are collinear and deletable and M I (E( f f )  tO z) ~ M(K4). Clearly, e is in 
exactly three 5-element type-1 fans. This completes the proof of Lemma. [] 
The next lemma extends a result of Cunningham [7, Proposition 3]. 
Lemma 3.15. Let n be a positive integer and M be a matroid Let T be a non-empty 
subset of E(M). Suppose that T does not contain any cocircuits of M. I f  M\T  is 
vertically n-connected, then so is M. 
Proof. I f  IT I=  1, then it is Cunningham's result. Suppose that the lemma holds 
for J T] < k. For I T I = k, let e E T. Then (M\e) \ (T \e)  = M\T  is vertically n- 
connected. I f  T\e contains a cocircuit C* of M\e, then C* or C* U e is a cocircuit 
of M. This is a contradiction as C*  C* t3 e C_ T. By induction, M\e  is vertically 
n-connected. Thus M is vertically n-connected as e is not a cocircuit of M. [] 
4. The proofs 
In this section, we shall prove our main theorems. 
Proof of Theorem 2.5. Assume that M is not a wheel or a whirl. Then, by Lemma 3.12, 
the circuit C is in some type-2 fan ~.  Suppose E(~)  = {eo, e],. . . ,ek+l,f l ,f2 .... , 
fk+l} for some k~>l and let {ei, ei+t,fz.+l} be a triad for all i in {0, 1 . . . . .  k}, and 
{ej, J~,~+l} be a triangle for all j in {1,2 ....  ,k}. The ends of ~ are e0 = x and 
ek+l -- y. Thus, neither x nor y is in any triangle. Therefore, all circuits contain- 
ing x have at least four elements. We conclude that ]C I t>4 and thus k t>2. Since 
M I (E (~ ) - {x,y}) is graphic, it is straightforward to check that M J (E (~)  - {x,y}) 
has a unique largest circuit {fl,el,e2,.. . ,ek, f +l}. Therefore, C -- {fz,el,e2,...,e~, 
Next we prove that X = {x, el,e2 . . . .  ,ek,fk+l } is not a circuit of M. Otherwise, 
by using the strong circuit elimination axiom for the circuits C and X with common 
element el, we deduce that the set (C UX) -  el-- {x, fl,e2 . . . . .  ek, fk+l} contains a 
circuit of M containing x. By orthogonality, we deduce that this circuit is contained 
in the set {x, f l}; a contradiction. Now we prove the following: 
Lenmla 4.1. {x, el,e2,...,ek, y} E OK(M). 
Proof. Since M is connected, there is a circuit C1 containing both x and f l .  First we 
prove that IC1 f3 E (~) l  ~>3. Otherwise, by the strong circuit elimination axiom for 
the circuits C and C~ with common element f l ,  there is a circuit Cz of M containing 
x such that C2 C(C U C1) - f l .  By orthogonality, {x, el,e2 .. . . .  ek,fk+1} C_C2. Now, 
since [ C [ = k + 2 ~< [ C2 [ ~< IC [, we conclude that C2 = X : {x, el, e2 . . . . .  ek, fk+l }. 
H. Wu/Discrete Mathematics 179 (1998) 185-203 197 
This is a contradiction by the previous paragraph. Next we show that el ~ Cj. Other- 
wise, since f l  C C1, by orthogonality, we deduce that {x, fl,el,e2 ..... ek, ek+l} C C2; 
a contradiction since this set has more elements than C. 
Now let i=min{ j>~2 : ej or J) E Cl}. Note that such an i exists as I Cl fq 
E(o~) ] >I 3. By orthogonality, either (i) CI NE(o~) = {x, y, f l ,  fk+l }, or (ii) C1AE(~-) = 
{x, y, f l ,  fi,ei,ei+l ... . .  ek}. In the former case, by using the strong circuit elimination 
axiom for the circuits C and C1 with the common element f l ,  we deduce that there is 
a circuit Ca such that x E C3 C(C U C1 ) - f l .  By orthogonality again, we conclude that 
{x, el,e2 .... ,ek, y} C_ C3 or {x, el,e2 ..... ek, fk+l} ~ C3. By the maximality of I C I ,  we 
deduce that C1 = {x, el, e2,...,ek, y} or C3 = X = {x, el,e2 . . . . .  ek, fk+l}. Since X is 
not a circuit, we deduce that {x, el,e2,...,ek, y} E CO(M). In case (ii), by using the 
strong circuit elimination axiom for the circuits C1 and {fi, ei, ei+l .... ,ek, fk+l} with 
common element f/, we deduce that there is a circuit Ca, such that x E C4 C(C1 U 
{fi, ei, ei+l .... , ek, fk+l }) -- J]. By orthogonality again, we conclude that Ca n E(o~) = 
{x, f l}  or {x, fbfk+l ,y}.  By the above argument, the former cannot occur. Thus 
Ca N E(~)  = {x, f l , fk+l,y}. By case (i) replacing C1 by Ca, we conclude that 
{x, el,e2,...,ek, y} E OK(M). 
From Lemma 4.1, we deduce that the set B = {x, f l , f2 . . . . .  fk+l} is spanning in 
M I E (~) .  By orthogonality, noting that M has no circuit of size less than three, we 
deduce that B is also independent. Therefore, r(E(o~)) = k+2.  But as {x, el . . . . .  ek, y} 
spans E(~-) in M*, we deduce that r*(E(o~))<<.k + 2. Thus, 
r (E(~))  + r*(E(o~))-  I E (~) I  ~<(k + 2) + (k + 2) - (2k + 3) = 1. 
Since M is 3-connected, by Lemma 3.7, we deduce that E(M) -  E(o~) contains at 
most one element. If  [E(M)[ = [E(~)I, then 
r({x,y}) + r(E(M)\x,y) - r(M) = 2 + (k + 1) - (k + 2) = 1. 
This is a contradiction since M is 3-connected. Therefore, there is a unique element 
z that is not in E(o~). Clearly, B is a basis of M. By orthogonality, the fundamental 
circuit of z with respect o B is in the set {x, f l ,z}. Therefore {x, fbz}  is a triangle 
as M has no circuit of size less than three. This is a contradiction as x is not in a 
triangle. This completes the proof of Theorem 2.5. [] 
When k ~> 2, the matroid M(K~"k) shows that a 3-connected matroid may not have 
any contractible lement. Theorem 2.8 asserts that, for 3-connected matroids without 
triangles, there are many such elements. 
Proof of Theorem 2.8. Let K represent the set of non-contractible elements of M. 
Then K = {e E E(M) : M*\e is not 3-connected}. The set K is independent in 
M*, otherwise, by Lemma 3.9, the set K contains a circuit which intersects a triad of 
M*. This is a contradiction since M has no triangles. Therefore IKI <<,r*(M). I f  K 
has exactly r*(M) elements, then K forms a basis of M*. Pick any element f not 
in K. Then K t3 f contains a unique circuit C1 of M*. By the definition of K and 
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Lemma 3.9, we deduce that Cx intersects a triad of M*; a contradiction. Therefore, 
I KI ~< r*(M)-1. Since E(M) -K  is the set of contractible lements of M, the number 
of such elements of M is at least IE(M) I -r*(M)+ 1, that is, this number is at least 
r(M) + 1. In particular, the set of contractible lements is dependent as it has at least 
r(M) + 1 elements. Therefore, this set contains a circuit C such that every element on 
C is contractible. 
Suppose that M is a minimally 3-connected matroid without triangles. By 
Lemma 3.12, if M has a circuit C in which every element in C is essential, then C 
is in some type-2 fan with at least five elements. But M has no triangle, so M has 
no such a type-2 fan; a contradiction. Thus, M has at least r*(M) contractible le- 
ments since every circuit contains a contractible lement. This completes the proof of 
Theorem 2.8. [] 
Next we prove the last main theorem of this paper. 
Proof of Theorem 2.10. If  4 ~< ]E(M)[ <<. 5, then since all 3-connected matroids with 
four or five elements are U2,4, U2,5, and U3,5, we deduce that M ~ U3,5, as M is 
minimally 3-connected. Since every element of U3,5 is contractible, it is easy to check 
that the theorem holds. If  IE(M) I = 6, then as M is minimally 3-connected, M is 
isomorphic to the rank three wheel M(~3),  or whirl ~3 ,  or U4,6 [15, p. 294]. Thus, M 
has exactly six vertically contractible lements and it is easy to verify that the theorem 
holds. If  M is a wheel or a whirl with at least seven elements, it is easy to check again 
that the theorem holds. Therefore, from now on, we will assume that ]E(M) [ > 6 and 
M is not a wheel or a whirl. Since M is minimally 3-connected, there is no deletable 
element. Thus all the non-essential e ements of M are contractible and all the fans of 
M are of type-2. Therefore, all the fans of M* are of type-1. 
Let X be the set of vertically contractible lements of M. That is, X = {e E E(M) : 
M/e is 3-connected}. We first prove: 
Lemma 4.2. IX [ ~> 3. 
Proof. I fM  has at least three contractible lements, then IX[ i>3, since a contractible 
element is also vertically contractible. Therefore, since M is not a wheel or a whirl, by 
Theorem 3.2, we may assume that M has exactly two contractible lements, x and y. 
From now on to the end of proof of our theorem, we will mainly consider M1 = M*. 
Since an element e is vertically contractible in M if and only if e is cyclically deletable 
in Mz, we need only show that M1 has at least three cyclically deletable lements. By 
Corollary 3.11, every essential element of M1 is in a type-1 fan with ends x and y. If  
every fan of M1 has only three elements, then M1 ~ U2~ for some n > 6. This is a 
contradiction since M1 has exactly two non-essential e ements. We conclude that there 
is at least one fan of M1, say ~-, having at least one internal spoke. If  ~ has at least 
two internal spokes, then, by Lemma 3.13, Ml has at least four cyclically deletable 
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elements including the two ends and the internal spokes. Therefore IX l  ~> 3. Thus, we 
may assume that ~- has only one internal spoke. In this case, we get the result from 
Lemma 3.14 directly. [] 
Next we prove the following lemma: 
Lemma 4.3. IX I >~ 2 [E(M) [ - r(M) + 2. 
Proof. By the remark following Corollary 3.11, each essential element of Ml is in 
a type-1 fan with two deletable lements of M1 as its ends. First we note that X = 
{e ~ E(M1) : Ml \e is 3-connected}. Let Y be the set of non-essential e ements of M1. 
Then, as M is minimally 3-connected, every element of Y is contractible in M thus 
deletable in Ml. Thus, Y = {e : Ml\e is 3-connected}. Consider set U, the union of 
the set of internal spokes of all the fans of M1. By Corollary 3.11, if an internal spoke 
e is in exactly three 5-element fans, then every essential element in these three fans 
could be viewed as an internal spoke. In this case, we delete all but one element in 
these three essential elements from U. We use Z to denote the resulting set described 
above. Thus, every element e of Z satisfies one of the following conditions: 
(i) e is an internal spoke of a fan that has at least two internal spokes; or 
(ii) e is the internal spoke of a fan with exactly one internal spoke and e is in a 
unique fan; or 
(iii) e is in exactly three fans. 
Moreover, in case (iii), every essential element in these fans could be viewed as an 
internal spoke. In this case, by the definition, only one of these three essential elements 
is in Z. 
Since a deletable lement is also cyclically deletable, we deduce that Y _CX. Now 
we prove that YUZ spans M~. If an element e is not in any fan, then by Theorem 3.2, e 
is not essential. Thus, as M is minimally 3--connected, Ml\e = (M/e)* is 3-connected. 
Therefore  is in Y. I f  e is an internal spoke of a fan, by the definition of Z, either e 
is in Z, or e is spanned by the set Y U Z. Now suppose that e is in a fan and is not 
an internal spoke. If  e is an end of a fan, then it is also in Y. Thus, we may assume 
that e is a rim element. By the definition of Z, every rim element in a fan is spanned 
by Y U Z. We conclude that Y U Z spans M~. 
Case 1: Suppose ZCX.  Then as YCX,  we deduce that YUZCX.  Since YUZ is 
spanning in M1, we have 
IXl 1> IYuZl  
= I E(M)[ -- r(M) 
>t 32- IE(M) I - r(M) + 2. 
Case 2: Suppose Z~ZX. Then, by Lemma 3.13, there is an element e E Z, where e 
in an internal spoke of a fan with exactly five elements, such that e ¢ X. By Lemma 
3.14, M1 has three collinear deletable lements. Therefore, Y U Z is dependent. 
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Let T be the subset of Z such that each element of T is an internal spoke of some 
fan with exactly five elements. Suppose that IT I = t. Let {JVl,X2,...,JVt} be a set 
of fans of M1 such that (a) each fan has exactly one internal spoke; (b) JV/ contains 
an element of Z for all i in { 1,2 . . . . .  t}. By the choices of elements of Z and Corollary 
3.11, any two distinct such fans have no common essential elements. We now prove 
the following: 
Lemma 4.3.1. IE(M1)] ~>3t+3. 
Proof. Evidently, I E(~i)[ = 5 for all i. Moreover, every fan JV} has exactly three 
essential elements. By the choice of these fans, [ Ul=lE(JVi)[ contains at least 3t 
essential elements. Since M1 has at least three deletable lements, we conclude that 
Lemma 4.3.1 holds. [] 
From Lemma 4.3.1, we get 
t~<( IE(M)] - 3)/3. 
The set Y tO Z contains exactly t elements uch that each of which is an internal 
spoke of some fan with exactly five elements. Note that YCX.  By Lemma 3.13, 
there are at most t elements in Y U Z which are not cyclically deletable in M1. Thus, 
IX ] t> ] Y U Z I - t. Moreover, Y U Z is both spanning and dependent in M1. We 
conclude that 
IX I > I r* (M)+ l - t  
/> ]E(M)  f - r(M) + 1 - ( [E (M)  I - 3)/3 
2 = ~ [E(M)[ - r (M)  +2.  
This completes the proof of Case 2 and hence Lemma 4.3. [] 
Now we prove the second part of the theorem. It suffices to prove the following 
lemma: 
Lemma 4.4. Let M be a minimally 3-connected matroid other than a wheel or a 
whirl. Suppose that M has more than six elements and has exactly three vertically 
contractible lements. Then M1 -= M* ~ '" = M(K3,k) for some k > 1. 
Proof. By Theorem 3.2, M has at least two contractible lements. By assumption, 
M has at most three contractible lements. Thus, M1 has two or three non-essential 
elements all of which are deletable. By Corollary 3.11, every essential element of M1 
is in a type-1 fan of M1. By Lemma 3.13, if there is a type-1 fan of M1 having more 
than one internal spoke, then M1 has more than three cyclically deletable lements, 
namely, the two ends and the internal spokes of the fan; a contradiction. Therefore, 
each non-trivial fan of M1 has exactly five elements. If Mt has a 3-element fan, then 
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M1 cannot have another 3-element fan having the same ends. Otherwise, the restriction 
of M1 to these four elements is isomorphic to U2,4. By Lemma 3.6, all these four 
elements are non-essential in M1; a contradiction. Since M has more than six elements 
and M has at most three non-essential elements, it follows that M has at least one 
5-element fan ~,~. 
Next we prove that M1 has exactly three deletable lements. Suppose not. Then M1 
has exactly two deletable lements, say, x and y. By the remark following Corollary 
3.11, every element other than x and y is in a type-1 fan of M1 with ends x and 
y; each such fan is unique since M~ has only two non-essential elements. If  Ma has 
two distinct 5-element fans, then the internal spokes of these two fans are distinct 
as every essential element of M1 is in a unique fan. By Lemma 3.14, these two 
internal spokes are cyclically deletable. Thus, M1 has at least four cyclically deletable 
elements; a contradiction. Therefore, MI has at most one 5-element fan and one 3- 
element fan, each fan having x and y as its ends. We deduce that M has at most six 
elements; a contradiction. Thus, M has exactly three deletable lements x, y, and z. 
I f  {x,y,z} is not a triangle of Ma, by Lemma 3.14, the internal spoke of the fan o- ~ 
is cyclically deletable. Thus M1 has more than three cyclically deletable lements; a
contradiction. 
Let e be any element other than x, y and z. Then e is essential. I f  e is in a 
3-element fan, say, with elements x,y, and e. Since {x,y,z} is a triangle of M1 
also, we deduce that Ml[{x,y,z ,e} ~= U2,4; a contradiction to Lemma 3.6, as e 
is essential. By Theorem 3.2 and previous arguments, e is in a 5-element fan ,~-1. 
Since MI has exactly three cyclically deletable elements x, y, and z, the internal 
spoke of o~1 is not cyclically deletable. By Lemma 3.14, e is in exactly three type-1 
fans and the restriction of M to this set of six elements is isomorphic to M(K4). 
Therefore, there is an integer t exceeding one and t type-1 fans ~1,~2 .. . .  ,Art, 
each fan having ends in the set {x,y,z} and having exactly one internal spoke such 
that 
(1) E(M1)=UI=I E(jIr,.) U {x,y,z}; 
(2) E(Jlri)NE(Arj)C_{x,y,z} and [E (~/ )  nE(~. ) [  ~<2 for all i C j  where i,j E 
{1,2 . . . . .  t}; and 
(3) M11 (E (~ i )  t-J {x,y,z}) ~ M(K4), for all i E {1,2 . . . . .  t}. 
We conclude that M1 has 3t+3 elements where t>~2. Now we use induction on t to 
t t !  
prove M1 -~ M(K3,t). First, we relabel E(JKt) as in Fig. 2, where y0 = x, y2 = y,n = 1. 
By Theorem 3.3, we conclude that 
M1 = P ~2 (M ( ~tt/'3 ),M2 ), (,) 
where A2={yo, y2,h}; ~/¢'3 is labelled as in Fig. 2 with z relabelled as h and n = 1; 
M2 is M\xo,xl ,yl ,  where {xo,xl,yl} = E(~t) \x ,y ,z ;  and M2 is 3-connected. 
If  t = 2, then M2 = m\xo,xl ,y l  ~ M11(E(A/'I) U {x,y,z}) -~ M(K4). Thus, the 
theorem holds by Lemma 3.8. Suppose that the result holds for t < k. For t = k~>3, 
we replace t by k. 
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Clearly, each triangle of MI I(E(Y,-)u {x,y,z}) is still a triangle of M2 for all 
i in {1,2 . . . . .  k - 1}. By orthogonality, the triad of M1 in E(X,-) is still a triad of 
M2. We conclude that M2 I (E(sff,-)U {x,y,z}) ~- M(K4) for all i E {1,2 .... , k -  1}. 
Thus, every element of M2 other than x, y, and z is in both a triangle and a triad 
of M2. 
Since k ~> 3, we deduce that x is in at least three triangles of M2 meeting at x. By 
orthogonality, it follows that x is not in any triad of M2. Similarly, neither are y and 
z. Let e be an element other than x, y, and z. Since M2 [ (E(sVi) U {x, y,z}) ~- M(K4) 
and none of x, y and z is in any triad, the matroid M2\e has a 2-circuit and has 
at least four elements, thus not 3-connected. Hence, M2 has at most three cyclically 
deletable lements. Since every element of M2 is in a triangle and M2 has at least 
nine elements, M2* is minimally 3-connected. By the first part, M* has at least three 
vertically contractible lements. We conclude that M2* is a minimally 3-connected 
matroid having 3k elements and having exactly three vertically contractible lements. 
By induction, M2 is graphic and is isomorphic to M(Kji'k_z). By Lemma 3.8, M1 is 
also graphic. Now it is easy to verify that M, ~ M(KjI' k). This completes the proof of 
Lemma 4.4 and thus the proof of the theorem. [] 
Proof of Coronary 2.11. Let M be a 3-connected matroid with at least three el- 
ements. Then r(M) > 0. If r(M) = 1, then M ~ U1,3 and the result holds. Now 
suppose r(M)~>2. Then M has a restriction N which is minimally 3-connected and 
has the same rank as M. Suppose M\T  = N. First, we suppose that N has less 
than four elements. Then as r(N) = r(M) = 2, N ~- U2,3 and thus N has three 
vertically contractible lements. Next we assume that N has at least four elements. 
By Theorem 3.2, N has at least three vertically contractible lements. We conclude 
that N has at least three vertically contractible lements. Next we show that every 
such element is also vertically contractible in M. Let e be such an element. Thus, 
(g /e) \T  = (g \T ) /e  = N/e is vertically 3-connected. Since r(M) = r(N), the set T 
does not contain any cocircuits of M thus does not contain any cocircuits of M/e. 
By Lemma 3.15, M/e is also vertically 3-connected. This completes the proof of our 
result. [] 
Proof of Corollary 2.12. Consider ~t, the simplified matroid associated with M. Then 
r(~t)~>2 and ~t is 3-connected. If IE(~t)I < 4, then ~t ~ 0"2,3. Note that every 
element in U2,3 is vertically contractible. Thus the Corollary holds. Now we assume that 
I E()I4)~ ~>4. By Corollary 2.1 I, M has at least three vertically contractible lements. 
Since M is simple, any two of these vertically contractible elements are not in parallel 
in M. Let e be such an element and let P be the parallel class of M containing e. It 
suffices to show that M/P is vertically 3-connected. It is easy to see that M/P = (M/e), 
which is 3-connected as e is vertically contractible in ~t. Thus M/P is vertically 3- 
connected. This completes the proof of Corollary 2.12. [] 
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